Abstract. We revisit the idea of road-wheel pairs, first introduced 50 years ago by Gerson Robison and later popularized by Stan Wagon and his square-wheeled tricycle. We show how to generate such pairs geometrically: the road as a roulette curve and the wheel as a pedal curve. Along the way we gain geometric insight into two theorems proved by Jakob Steiner relating the area and arc length of a roulette to those of a corresponding pedal. Finally, we use our results to generate parabolas, ellipses, and sine curves as roulettes.
INTRODUCTION.
In an article in Crelle's Journal in 1838 Jakob Steiner published two theorems relating the arc length and area of a roulette curve to those of a corresponding pedal curve. In 1960, G. Robison [6] introduced the idea of rockers and rollers: pairs of curves, a rocker and a roller, or a road and a wheel, such that the axle of the wheel moves in a straight line while the wheel rolls on the road without slipping. In this article we give a geometric method of generating road-wheel pairs and find a surprising connection with Steiner's theorems. We then use the results in [3] to generate familiar curves as roulettes in unusual ways. But first, we review some basic facts, interesting in their own right, about pedals and roulettes.
ROULETTE CURVES.
As one curve, C, rolls on another without slipping, the locus of a point P that maintains a fixed position relative to C is called a roulette. We focus on roulettes generated by curves rolling on straight lines. For example, a cycloid is the roulette traced by a point P on the circumference of a circle as the circle rolls on a line. If the point P starts at the origin and moves with a unit circle rolling along the x-axis, then a parameterization of the cycloid is given by (x, y) = (θ − sin θ, 1 − cos θ ),
where θ is the angle through which the wheel has turned. That y = d x/dθ in this parameterization is not a coincidence, as the following lemma shows. But before stating the lemma, we wish to be sure that we can roll C smoothly on a line with a constant angular velocity. To this end, we require C to be a continuously differentiable plane curve such that the angle of rotation of its tangent lines, as measured relative to some initial position, is a strictly monotonic function of arc length. We call such curves rollable. The monotonic condition implies that rollable curves have no inflection points, while the strictness of the monotonicity precludes rollable curves from containing line segments. We invite the reader to consider generalizing the results in this paper to include curves with inflection points as well as piecewise differentiable curves. We assume throughout the paper that C is rollable. In the following lemma, and throughout the paper, we let θ denote the angle of rotation, relative to some starting position, of the curve C rolling on the x-axis. We take θ > 0 to correspond to a clockwise rotation.
Roulette Lemma. Let C be a rollable curve and let R be the roulette traced by a point P moving with C as C rolls on the x-axis. If (x, y) = ( f (θ ), g(θ )) is a parameterization of R in terms of the angle of rotation of C, then f and g are continuously differentiable and g(θ ) = f (θ).
Proof. The assumption that C is rollable ensures that we can parameterize R in terms of θ , for as C rolls on the x-axis the sense of rotation of C will not change and θ will increase. Let A be the point of contact between C and the x-axis, as shown in Figure 1 . Since A is the instantaneous center of rotation of C, the differential displacement of P is perpendicular to A P and has magnitude r dθ , where r = | − → A P|. So if ρ denotes the angle that − → A P makes with the negative x-axis and P has coordinates (x, y),
Since C contains no line segments, the instantaneous center of rotation moves continuously in the direction of the positive x-axis as C rolls on the axis, and the x-coordinate of point A is a continuous function of θ . Also, since C is continuously differentiable, r and ρ are continuous functions of θ , and hence f and g are continuously differentiable. Finally, f (θ ) = r sin ρ = g(θ). One immediate consequence of the roulette lemma is that the tracing point moves to the right, that is d x/dθ > 0, precisely when it is above the x-axis. Or put another way, the horizontal motion of the tracing point changes direction when the tracing point crosses the x-axis. Thus, the vertical tangents to the roulette curve occur at the x-intercepts. The case of a trochoid, traced by a point exterior to a circle as the circle rolls on a line, nicely illustrates these ideas and is shown in Figure 2 . We can use the lemma to parameterize roulette curves by expressing the ycoordinate of P in terms of θ and then integrating to determine the x-coordinate. We assume the initial position of P, which we denote as P 0 , is on the y-axis, and we let y 0 denote the y-coordinate of P 0 . The y-coordinate of P after C has turned through the angle θ is the signed distance, g(θ), from P 0 to the tangent line to C at A 0 , the point of C that will come in contact with the x-axis after C has turned through the angle θ . This is shown in Figure 3 , where A 0 is the foot of the perpendicular from P 0 to the tangent line. Figure 4 shows the curve after it has turned through the angle θ , where the points A and A are the rotated images of A 0 and A 0 , respectively. To ensure that the y-coordinate of P has the correct sign, we define the signed distance to be positive if the angle between the vector −−→ A 0 P 0 and the positive x-axis is θ + π/2, and to be negative if the angle is θ − π/2. Then a parameterization of the roulette R is given by We should point out that the standard parameterization of a roulette is usually of the form (x, y) = (s − r cos ρ, r sin ρ), where r and ρ are as in Figure 1 and s is the arc length of C between A and the point of C that was in contact with the origin. But by using (3) we avoid the arc length computation. As an example, we give a short proof that the roulette traced by the focus of a parabola rolling on a line is a catenary. In Figure 5 the curve C in its initial position is the parabola y = x 2 /4 and P 0 is the focus, (0, 1). A simple computation shows that A 0 is the point of intersection of the tangent line and the x-axis. Thus, g(θ ) = sec θ , and a parameterization of the roulette is given by (x, y) = (ln(sec θ + tan θ ), sec θ) .
It follows that the roulette generated by the focus of the parabola y = x 2 /4 rolling on the x-axis is the catenary y = cosh x. See [1] for another proof.
PEDAL CURVES.
Let P be a point in the plane of C. The pedal curve of C with respect to P, which we denote by C P , is the set of the feet of all perpendiculars from P to the tangent lines of C. The idea of a pedal curve is contained in Figure 3 , where the pedal, C P 0 , is the set of points A 0 as A 0 varies along C. If we place the pole of a polar coordinate system at P 0 and let the polar axis point in the direction of the negative y-axis in Figure 3 , then a polar equation for C P 0 is r = g(θ ). Thus, in (3), the y-coordinate of the roulette is the polar radius of C P 0 .
We use the notation of Figure 3 throughout, where capital letters denote points on a curve and their primed counterparts denote the corresponding points on the pedal curve. For now we give four examples.
1. Let C be the circle r = 2 cos θ and let P be the pole of the polar coordinate system. Figure 6 illustrates that the cardioid r = 1 + cos θ is the pedal of C with respect to P. To see why, note that since PQ D ∼ OQD and OD = sec θ , it follows that r = PQ = 1 + cos θ. Alternatively, we could have concluded directly from the expression for the y-coordinate of the cycloid in (1) that the pedal of the circle r = −2 cos θ with respect to the pole is the cardioid r = 1 − cos θ . 2. The pedal of a parabola with respect to its focus is the tangent line to the parabola at the vertex (see Figure 5 ). 3. The pedal of an ellipse with respect to a focus is the circle having the major axis of the ellipse as a diameter. See [5, p. 13] for a proof. 4. In a degenerate case, where the curve C is a point Q, the family of tangents to C is the pencil of lines through Q and C P is the circle with diameter PQ.
A curve geometrically similar to C P , but twice as large, may be obtained by reflecting P across each of the tangent lines of C. The set of reflected points P is called the orthotomic of C with respect to P (see [5, p. 153] ). The orthotomic may also be generated as the roulette traced by P as it moves with a mirror image of C rolling on C in such a way that the mirror image is the reflection of C about the tangent line at the point of contact. This is illustrated in Figure 7 , where C is the reflection of C across the tangent at A. We mention this to prove what we call the angle property of pedal curves: the segments PA and PA from P to a point A on C and the corresponding point A on C P make congruent angles with the tangents to these curves at A and A . That is, the angles marked ρ at A and A in Figure 7 are congruent. To see why, note that since the dilation centered at P with factor 2 maps A to P and the pedal to the orthotomic, the angles marked ρ at A and P are congruent. But since A is the instantaneous center of rotation of C as it rolls on C, AP is perpendicular to the orthotomic at P , and the angles marked ρ at A and P are also congruent. See [5, p. 14] for another proof. 
STEINER'S THEOREMS.
Given the close connection between pedals and roulettes as expressed in Figures 3 and 4 , it is not surprising that there are some relationships between pedals and roulettes. Two of these are given by theorems discovered by Jakob Steiner (see [2] for generalizations). Let A and B be points of C, and let A and B be the corresponding points on the pedal curve C P . Let R be the portion of the roulette curve traced by P as C rolls on a line m between contact points A and B.
Steiner Theorem 1. The arc length of R is equal to the arc length of C P between A and B .
Steiner Theorem 2. The area between R and m is twice the area bounded by PA , PB and C P .
In particular, if C is a closed curve rolling on a line, the area between the line and roulette after one revolution is twice the area of C P , and the arc length of the roulette is equal to the arc length of C P . To illustrate, let C be a circle of radius r that rolls through an angle of θ radians, and let P be the center of the circle. The roulette curve is a line segment l of length r θ and the area of the rectangular region between l and m is r 2 θ . Since Q = Q for all points Q of C, the corresponding region of the pedal curve is the sector of a circle with central angle θ , area 1 2 r 2 θ, and arc length r θ . For a second example of Steiner's theorems, take C to be a circle, let the tracing point P be June-July 2011] ROADS AND WHEELS, ROULETTES AND PEDALS a point on C, and let A and B be any two points on C. As illustrated in Figure 8 , the roulette, R, is an arc of a cycloid and the pedal, C P , is an arc of a cardioid. The two arc lengths are equal and the area between the arc of the cycloid and the x-axis is twice the area bounded by the cardioid and segments PA and PB . The Steiner theorems follow as corollaries to the roulette lemma. To see this, let C roll along the x-axis with P initially on the y-axis, and let θ denote the angle through which C has turned from its starting position. Using (3), a parameterization of R is given by
. If we place the pole of a polar coordinate system at P with the polar axis pointing in the direction of the negative y-axis, a polar equation of C P is r = g(θ). Then as C turns through the differential angle dθ , the differential arc length of the roulette is
and the differential arc length of the pedal is
proving the first Steiner theorem. The area element of the roulette is
and the area element of the roulette is
proving the second Steiner theorem.
To get a dynamic picture of the Steiner theorems, let's return for a moment to Figure 8 , where we have shown the rolling circle in an intermediate position (dashed) along with pointsP andQ, the rotated images of the points P and Q, respectively. PointQ is the foot of the perpendicular fromP to the x-axis and corresponds to Q on the pedal curve. Now let's put this figure in motion. Imagine the dashed circle rolling clockwise on the x-axis asP traces out the arc of the cycloid. At the same time point Q moves counterclockwise around P and sweeps out the corresponding arc of the cardioid. Steiner's first theorem says thatP and Q move with the same speed, as shown by the equality of the differential arc lengths in (4) and (5). Given this, it's easy to see why Steiner's second theorem is true. As C turns through the angle dθ , the segment PQ sweeps out a differential triangle, while the segmentPQ sweeps out a differential rectangle. But since the segments are congruent and Q andP move at the same speed, the area of the rectangle is twice that of the triangle. In Section 6 we give a visual representation of Steiner's first theorem. But first we must introduce the idea of road-wheel pairs.
ROADS AND WHEELS.
Many readers are probably familiar with a squarewheeled bicycle. If the wheels roll along a road consisting of portions of appropriately chosen inverted catenaries, the axles of the wheels move horizontally and the ride is smooth. Figure 9 shows another example of a road-wheel pair. An elliptical wheel rolls without slipping on a sinusoidal road, while one focus, A, of the ellipse moves along the x-axis. Hall and Wagon [3] generate many other examples of road-wheel pairs. We give some of their examples below, but for now we present a modified version of their approach which is more suited to our geometric point of view. We place the road below the x-axis in a rectangular coordinate system and require that the wheel roll on the road without slipping and that the axle of the wheel, which we initially place at the origin, move along the x-axis. An equivalent way to describe the rolling condition is that the point of contact of the road and wheel (Q in Figure 9 ) is the instantaneous center of rotation of the wheel. This implies that the velocity of the axle is perpendicular to the spoke AQ. Adding the requirement that the axle of the wheel move along the x-axis forces Q to be directly below A at all times. In describing a road-wheel pair, we adopt the convention of describing the wheel in its initial position, with its axle at the origin. We do so by giving a polar equation of the wheel, r = g(θ ) > 0, where the pole coincides with the origin and the polar axis points in the direction of the negative y-axis. Given the function r = g(θ ), we wish to parameterize the corresponding road in terms of θ . Suppose the wheel rotates clockwise through an angle of θ while rolling on the road, so that the spoke of the wheel, A 0 Q 0 , which originally makes an angle of θ with the negative y-axis, has moved to AQ and is now pointing downward. If Q(x, y) is the point of contact, then y = −r = −g(θ ). To finish parameterizing the road we must express x as a function of θ , in a sense unwrapping the spokes of the wheel and placing them perpendicular to the x-axis to form the road. Since Q is the instantaneous center of rotation of the wheel, the differential displacement of the axle, A(x, 0), of the wheel is
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Thus, the wheel with polar equation r = g(θ ) has as its corresponding road the curve
Note that (6) and (7) hold even if g(θ) < 0. In this case, the part of the road corresponding to g(θ ) < 0 lies above the x-axis and the axle moves to the left while the wheel is in contact with this part of the road. This is illustrated in Figure 10 (see example 1 below). Here are some examples, generated using (7). 
ROADS, WHEELS, AND STEINER'S THEOREMS.
In this section we describe how to generate road-wheel pairs geometrically and give a new geometric interpretation of the Steiner theorems. Let (R, W) denote a road-wheel pair, and let capital letters and their primed counterparts denote corresponding points on the road R and wheel W, respectively. That is, if A is a point on the road, the point A is the point on the wheel that comes into contact with the road at A. Then we have the following two properties of road-wheel pairs, the first of which follows immediately from our assumption that the wheel rolls without slipping:
Lemma 1. The length of the road between A and B is equal to the length of the wheel between A and B .

Lemma 2. The area between the road and the x-axis from A to B is twice the area bounded by the wheel and the segments OA and OB , where O is the axle of the wheel.
To prove the second property, note from (6) that the area element between the road and the x-axis is
which is twice the area element of the wheel. We can show this property geometrically by using the spokes to unwrap the wheel as shown in Figure 12 . The distance between nearby unwrapped spokes of length r and R = r + r is taken to be r θ, where θ is the angle between the spokes. The area of each trapezoid is then approximately twice the area of the corresponding sector. This can be thought of as a generalization of the grade school proof for the area of a circle. Alternatively, we can think of the latter proof as constructing a road for a circular wheel. 
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The similarity of these lemmas with the Steiner theorems, as well as the similarity between (3) and (7), suggests the following theorem. In the statement of the theorem we follow our convention of describing the wheel in its initial position with its axle at the origin.
Main Theorem. Let C be a rollable curve initially tangent to the x-axis at the origin, O, and let P 0 be a point on the y-axis. Let R be the reflection in the x-axis of the roulette curve R generated by P 0 as C rolls on the x-axis. Then translating the pedal, C P 0 , by the vector − − → P 0 O gives a wheel for the road R .
Proof. A comparison of (3) and (7) actually proves the theorem, but we give a more geometric proof that illustrates why the theorem is true and describes the rolling motion of the wheel. As shown in Figure 13 , let P(x, y) denote the position of P 0 after C has rolled some distance along the x-axis. Let A be the point of tangency between C and the x-axis and let A be the corresponding point of C P . Also, let Q be the reflection of P in the x-axis. We show that translating C P by the vector − → PA = − − → A Q gives the wheel in its position when it is in contact with the road at Q; in particular, the initial position of the wheel is the translation of C P 0 by the vector − − → P 0 O. Let W denote the translation of C P by − → PA . The translation ensures that W and R are in contact at Q. It also sends the pedal point P to A , so that the translated copy of P moves along the x-axis and serves as the wheel's axle. It remains to show that W rolls on the road. We first show that W and R are tangent at Q. By the angle property of pedals, the angles at A and A labeled ρ are congruent. But the angle between R and PA at P also has measure ρ. It follows that W and R are tangent at Q. That W is rolling, and not sliding, on R follows immediately from the first Steiner theorem, since the corresponding arcs lengths of R and C P 0 are equal. But since we would like to claim Steiner's first theorem as a corollary to this theorem, we give an alternative argument to show that W is rolling on R . The roulette lemma implies that as C turns through the angle dθ , the horizontal component of the displacement of P, and hence the displacement of A , is y dθ . But since W turns through the same angle as C, it follows that Q is the instantaneous center of rotation of W.
We now show how to use our theorem to generate the first three road-wheel pairs from the previous section. We describe the curve C in its initial position, tangent to the x-axis at the origin. We also describe the wheel in its initial position, W 0 , with its axle at the origin. As usual, the polar equation of W 0 assumes that the polar axis coincides with the negative y-axis.
1. Take C to be the circle x 2 + (y − 1) 2 = 1 and P 0 = (0, 0). Then C P 0 is the cardioid r = 1 − cos θ and the roulette R is the cycloid (x, y) = (θ − sin θ, 1 − cos θ ). Since the pedal point is initially at the origin, W 0 is the same cardioid. Thus, the wheel r = 1 − cos θ rolls on the road R given by (x, y) = (θ − sin θ, cos θ − 1). 2. Take C to be the parabola y = x 2 /4 and P 0 = (0, 1). Then C P 0 is the x-axis (see Figure 5 ) and R is the catenary y = cosh x. The wheel, W 0 , is the translation of the x-axis by the vector − − → P 0 O = 0, −1 , or the line y = −1. So the line y = −1 is the wheel for the catenary y = − cosh x. 3. In a degenerate case, take C to be the origin and P 0 to be the point (0, 1). The pedal curve, C P 0 , is the circle with diameter O P 0 . The roulette curve R (and also R ) is the unit circle centered at the origin. Since − − → P 0 O = 0, −1 , a wheel for R is the unit circle centered at (0, −1/2). Our theorem suggests that to visualize Steiner's first theorem we should replace our image of P tracing out R as C rolls on a line (as in Figure 8 ) by the image of C P rolling on R . We use this idea to recast our dynamic interpretation of the Steiner theorems given at the end of Section 4. To illustrate, return to Figure 9 , showing an elliptical wheel rolling on a sinusoidal road, and put the wheel in motion. As the ellipse rolls on the sine curve, the point Q 0 moves on the fixed ellipse at the left. Recall Q 0 corresponds to the point, Q, on the rolling ellipse that is in contact with the road at any instant. Expressed another way, the motion of the spoke A 0 Q 0 on the fixed ellipse is just the motion of the spoke AQ on the rolling ellipse as seen by an observer in the reference frame of the rolling ellipse. We may restate Steiner's first theorem as saying Q and Q 0 move at the same speed. Of course this follows from our condition that the ellipse roll on the road without slipping. But now consider the additional condition that the axle of the wheel move along the x-axis. This requirement forces the spoke, AQ, of the rolling ellipse to be perpendicular to the x-axis and thus sweep out a differential rectangle as the ellipse turns through the angle dθ , while the spoke, A 0 Q 0 , of the fixed ellipse sweeps out a differential triangle. Since the speeds of A 0 and A are equal, the area of the differential rectangle is twice that of the triangle.
GENERATING ADDITIONAL ROAD-WHEEL PAIRS.
We may use our main theorem to generate additional road-wheel pairs by arbitrarily choosing a rollable curve C. For example, let C be the cardioid r = 1 − cos(θ − π/2) and P 0 be the origin. We leave it to the reader to verify that g(θ ) = 2 sin 3 (θ/3). Using (3) we may parameterize R as
The rolling motion of the cardioid is hinted at in Figure 14 . The pedal curve, C P 0 , is Cayley's sextic with polar radius given by the y-coordinate of R, or r = 2 sin 3 (θ/3).
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ROADS AND WHEELS, ROULETTES AND PEDALS This is a wheel for the road R , as shown in Figure 15 , where Cayley's sextic is shown in its initial position and some later position. The cardioid (dashed) is also shown to illustrate our theorem; the position of the wheel is found by translating the pedal of the cardioid by the vector − → PA . As a second example, we find the road corresponding to a circular wheel of radius a and center O whose axle, P, is ae units from O, with 0 < e < 1. Let C be the ellipse with center O, one focus at P, and eccentricity e. Then by example 3 of Section 3, the wheel is the pedal of C with respect to P. It follows that the road for the circular wheel with axle at P is the roulette curve generated by P as C rolls on a line. The roulette, an elliptic catenary, is shown in Figure 16 and the road-wheel pair in Figure 17 . The road-wheel pair consisting of a line rolling on a catenary, shown in Figure 11 , may be regarded as the limiting case of a circular wheel rolling on an elliptic catenary. If we set a = 2e/(1 − e 2 ) and let e → 1 − , in any bounded region the elliptic catenary in Figure 17 approaches the catenary y = − cosh x and the circular wheel approaches a tangent line to the catenary. Figure 13 to recover the rolling curve C and the tracing point P. We describe this process when the wheel is in its initial position, with its axle at the origin. So in Figure 13 we take A to coincide with the origin, O, and we replace P and Q with P 0 and Q 0 , respectively, to emphasize that the wheel is in its initial position. Determining P 0 is easy. are the lines through points S of W perpendicular to the segments OS. If this one-parameter family of tangents has the parameterization f (x, y, t) = 0, then the negative pedal as a set of points is a solution to the system
GENERATING FAMILIAR CURVES AS ROULETTES.
where the subscript denotes partial differentiation with respect to the parameter t. 
Thus, the the parabola y = x 2 /4 + 1 is the roulette traced by the point P 0 (0, 1) as the above curve rolls along the x-axis. In this case the rolling curve, the negative pedal of a parabola with respect to its focus, is called Tschirnhausen's cubic. Figure 18 shows Tschirnhausen's cubic rolling along the x-axis as the point P 0 (0, 1) traces out a parabola. Tschirnhausen's cubic is shown twice; once in its initial position (dashed) and again after it has rolled some distance along the x-axis. For the remaining examples we describe the wheel in its initial position by its polar equation, r = g(θ ). In this case, replacing the parameter t with θ and keeping in mind that the polar axis coincides with the negative y-axis, the system of equations (8) becomes
For example, take the wheel to be the rose r = cos(nθ ), with corresponding road the ellipse (x, y) = ( 1 n sin nθ, − cos nθ). Since the initial point of contact is Q 0 (0, −1), the initial position of the tracing point is P 0 (0, 1). Using (9) and translating by the vector −−→ Q 0 O = 0, 1 gives a parameterization of the rolling curve in its initial position as
The curves (10) are all hypocycloids. That is, they are the roulettes generated by a point on the circumference of a circle of radius r as it rolls with internal contact inside a fixed circle of radius R. Choosing r = (n − 1)/2 and R = n gives the hypocycloid in (10). Since a hypocycloid is not differentiable at its cusps, we may apply our main theorem only to each differentiable piece. However, a hypocycloid has well-defined tangents at its cusps and the tangents to the hypocycloid vary continuously as the curve is traversed. Thus, a hypocycloid can roll on a line and as it rolls it maintains its sense of rotation. We can piece together the results from our main theorem to conclude that when the curve (10) rolls on the x-axis, the point P 0 (0, 1) traces out the ellipse (x, y) = ( 1 n sin nθ, cos nθ). The description of the rolling motion below makes this transparent. Figure 19 shows the case n = 2, where the rolling curve is an astroid. The dashed astroid is the curve in its initial position and the solid astroid is the curve in its new Since the tangent lines to the hypocycloid at the cusps pass through the tracing point P 0 , the x-intercepts of the ellipse are traced when the cusps are tangent to the x-axis. Thus, half of the ellipse is traced when one arc of the hypocycloid has completed rolling along the x-axis. When the point of tangency of the hypocycloid and the x-axis passes through a cusp, the tracing point crosses the x-axis and the point of tangency switches between the "top" and "bottom" of the x-axis (more precisely, the astroid is alternately above and below the x-axis near the point of tangency). As mentioned in the remarks following the roulette lemma, it is at the moments when the tracing point crossing the x-axis, in this case when a cusp is the point of tangency, that the direction of the tracing point changes between a rightward and a leftward motion.
In our last two examples, the curve C also has cusps and we may apply our theorem only to its differentiable pieces. But, as in the last example, the cusps have well-defined tangent lines and the tangents to C vary continuously, and we may piece together the roulettes generated by each differentiable part of C. We now consider the case of an elliptical wheel rolling on a sinusoidal road, as one focus of the ellipse moves along the x-axis, as shown in Figure 9 . More specifically, suppose that the wheel is the ellipse r = ed/(1 + e cos θ ), 0 < e < 1. Using (7), the corresponding road is given by
where a = √ 1 − e 2 , f (θ ) = tan(θ/2 + π/4), and the value of arctan(( f (θ ) + e)/a) is the appropriate angle closest to θ/2 + π/4. A little trigonometry shows that an equation of the road in rectangular coordinates is given by y = − ed a 2 (1 − e cos(cx)) ,
where c = a/(ed). For an alternative approach see [3] . The negative pedal of an ellipse with respect to a focus, P, is shown in Figures 22 and 23 for two cases, e > 1/2 and e < 1/2, respectively, where the ellipses are dashed. We follow Lockwood [4] and call the negative pedal Burleigh's oval and we call P the eye of the oval. If e > 1/2 the oval has two cusps. Otherwise, it is an egg-shaped curve. It follows that as Burleigh's oval rolls on a line, the eye traces out a sine curve. Using (1 + e cos θ ) 2 (sin θ + e sin 2θ, − cos θ − e cos 2θ ) + 0,
If this oval is rolled on the x-axis, the eye, P 0 (0, ed/(1 + e)), traces out the reflection of the sine curve (11) in the x-axis. When e > 1/2 the point of tangency between the oval and the x-axis changes between being above and below the x-axis at the cusps. But in contrast to the previous example, the tracing point continues to move to the right at all times since no tangent to the oval passes through its eye. This example can be generalized by taking the wheel to be the curve r = ed/(1 + e cos(λθ )),
where λ is a constant. Then the corresponding road is parameterized as 
where a = √ 1 − e 2 and c = aλ/(ed). Using (9) and translating by the vector −−→ Q 0 O = 0, ed/(1 + e) gives a parameterization of the rolling curve in its initial position as (x, y) = ed (1 + e cos λθ) 2 {(sin θ, − cos θ ) + e(sin θ cos λθ, − cos θ cos λθ )
+ λe(sin λθ cos θ, sin λθ sin θ )} + 0,
If λ is chosen to be a positive integer, the wheel is a simple closed curve with λ "lobes" and rolls over λ periods of the road as it rotates once. If we choose e = 1/ √ 1 + λ 2 and d = λ 2 , then the road has equation y = − √ 1 + λ 2 + cos x. The wheel and the road for λ = 4 are shown in Figure 26 . As the curve given by (14) rolls on the x-axis, the eye, P 0 (0, √ 17 − 1), traces out the curve y = √ 17 − cos x, as shown in Figure 27 . While we have used our theorem to generate some familiar curves as roulettes, there are many other possibilities. We invite the interested reader to explore more examples of road-wheel pairs in [3] and [6] to generate additional roulettes.
